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Abstract
We use holographic correspondence to argue that Euclidean (Bunch-Davies) vacuum
is a late-time attractor of the dynamical evolution of quantum gauge theories at strong
coupling. The Bunch-Davies vacuum is not an adiabatic state, if the gauge theory is
non-conformal — the comoving entropy production rate is nonzero. Using the N =
2∗ gauge theory holography, we explore prospects of explaining current accelerated
expansion of the Universe as due to the vacuum energy of a strongly coupled QFT.
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1 Introduction
One of the outstanding questions of cosmology is the physics behind the current accel-
erated expansion of the Universe [1,2]. We argue that there is a strong coupling aspect
of this question, which can be addressed using the holographic correspondence be-
tween strongly coupled gauge theories and dual gravitational models in asymptotically
anti-de-Sitter (AdS) space-times [3, 4].
In a framework of classical Einstein gravity and quantum field theory, the dynamics
of the Universe is described by the following equation
Gµν = 8piGN 〈Tµν〉 , (1.1)
where Gµν is the Einstein tensor of the four-dimensional space-time metric g
(4)
αβ , GN =
M−2pl is Newton’s constant, and 〈Tµν〉 = 〈Tµν [g(4)αβ ]〉 is the quantum expectation value of
the stress-energy tensor of all matter fields, self-consistently computed in the space-time
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background metric g
(4)
αβ . Gravitational Bianchi identity implies covariant conservation
of the stress-energy tensor:
∇µ〈Tµν〉 = 0 . (1.2)
At late times, t→∞, expansion of the Universe will ultimately dilute all the compo-
nents of the stress energy tensor, except for the vacuum energy,
lim
t→∞
〈Tµν〉 = 〈vacuum|Tµν |vacuum〉 = diag(Ev, Pv, Pv, Pv) , (1.3)
where Ev and Pv are the matter fields vacuum energy density and pressure correspond-
ingly, where, using (1.2),
Ev + Pv = 0 . (1.4)
If Ev > 0, the (spatially-flat) Universe at late-times is de Sitter, with a Hubble constant
H :
ds24 = g
(4)
αβdx
αdxβ = −dt2 + a(t)2 dx2 , a(t) = eHt , (1.5)
such that
H2M2pl =
8pi
3
Ev(H) . (1.6)
where we explicitly indicated that the vacuum energy of the Standard Model (SM) of
particle physics should be computed self-consistently in (1.5). Values of H obtained
from solving (1.6) can be reliable in so far as approximation (1.1) is valid, i.e.,H ≪ Mpl,
so that the effects of quantum gravity can be neglected.
Computation of a vacuum energy of a QFT in curved space-time is a subject with
a long history [5]. Almost all analysis are done though in the framework of perturba-
tive weakly-coupled QFT. Irrespectively of the physics beyond the SM, the SM itself
contains a sector with a strongly coupled sector in the infrared — namely, quantum
chromodynamics (QCD). This is the main motivating factor of the present project
— we use the holographic correspondence to compute the vacuum energy of certain
strongly coupled gauge theories in de Sitter space-time.
Holographic computations of de Sitter vacuum energy of conformal field theories at
strong coupling was done previously in [6]. However, because the theory in question
was conformal, Ev ∼ H4, since the Hubble constant is the only scale parameter in
the model. Necessarily, (1.6) implies H ∼Mpl which invalidates classical treatment of
gravity in this regime. To have a chance of a self-consistent treatment of a classical
Einstein gravity coupled to quantum SM, the latter should be modeled as a non-
conformal gauge theory in a holographic setting. For one reason, QCD is responsible
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for a strongly coupled vacuum in our Universe precisely because it is non-conformal.
Second, existence of an intrinsic scale Λ in quantum gauge theory allows for a potential
hierarchy between the scales H and Mpl generated in a relation (1.6).
Non-conformal gauge theories in de Sitter background were studied in holographic
framework earlier [7–14]. The basic idea was to take a holographic correspondence
describing a renormalization group (RG) flow for a vacuum state of a strongly coupled
non-conformal gauge theory in Minkowski space-time and “deform” it to a background
de Sitter geometry, R3,1 → dS4. The resulting de Sitter RG flow, identified as a vacuum
state of the corresponding gauge theory in dS4, exhibited the SO(4, 1) symmetry and
allowed for a Euclidean analytical continuation. Thus, all the vacua discussed in [7–12]
are Euclidean or Bunch-Davies [15]. It was recognized in [16,17] (MA) that the vacuum
state invariance under the proper de Sitter transformations in free field theories allows
for a two-parameter family of inequivalent vacua. These MA-vacua are interesting in
that they might lead to enhanced, order ∝ H
Mpl
, effects during inflation [18]. Subsequent
studies of perturbative interactions in MA-vacua revealed various problems [19–22].
To our knowledge, no corresponding studies at strong coupling were ever performed.
As a second motivation for our project, we use holographic framework to study the
evolution of a generic spatially homogeneous and isotropic state in strongly coupled
non-conformal gauge theory. We find that while at any finite boundary time t the state
is not invariant under dS4 isometries, in the infinite future t → ∞ the state evolves
to a Bunch-Davies vacuum, equivalent to the ones discussed in [7–12]. A corollary of
our analysis is that MA-vacua can not be reached dynamically from homogeneous and
isotropic initial conditions in strongly coupled gauge theories with a holographic dual.
This further suggests that MA-vacua are inconsistent in interacting quantum gauge
theories.
There are several ways to generate non-conformal RG flows in holography. One
can start with N = 4 superconformal Yang-Mills theory AdS5 × S5 duality [3] and
deform it by turning on a nonzero coupling for a relevant operator, explicitly breaking
the scale invariance of the parent theory. A typical representative here is the N = 2∗
holography [23–25]. Alternatively, the scale invariance of the parent theory can be
broken spontaneously, as it is in the case of Klebanov-Strassler (KS) cascading gauge
theory [26]. Finally, holography for a non-conformal gauge theory in four space-times
dimensions can be obtained from the Kaluza-Klein reduction of the higher-dimensional
scale invariant gauge theory/gravity correspondence, as in [27]. In this paper we focus
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on theN = 2∗ holographic correspondence and delegate the discussion of the KS theory
to future work1.
The rest of the paper is organized as follows. In the next section we briefly review
the holographic duality between N = 2∗ supersymmetric SU(N) gauge theory [24]
and its Pilch-Warner (PW) gravitational dual [23]. In section 3, building on [29], we
discuss evolution of generic homogeneous and isotropic states of N = 2∗ gauge theory
in dS4. In section 4 we show that at late times these states approach a Bunch-Davies
(Euclidean) vacuum of the theory constructed in [9]. We argue that the Euclidean
vacuum of non-conformal gauge theories is not an adiabatic state — the comoving
entropy continues to be produced. We compute the vacuum energy Ev = Ev(H) and
the entropy production rate of strongly coupled N = 2∗ gauge theory in dS4. We
conclude in section 5 with speculations regarding explanation of the current accelerated
expansion of the Universe due to a vacuum energy of a gauge theory sector at strong
coupling2.
2 N = 2∗ holography
N = 2∗ holography is a correspondence between mass-deformed N = 4 SU(N) su-
persymmetric Yang-Mill theory at strong coupling and a PW five-dimensional N = 2
supergravity — a particular consistent truncation of ten-dimensional type IIb super-
gravity.
2.1 N = 2∗ gauge theory
In the language of four-dimensional N = 1 supersymmetry, the mass deformed N = 4
SU(N) Yang-Mills theory (N = 2∗) in R3,1 consists of a vector multiplet V , an adjoint
chiral superfield Φ related by N = 2 supersymmetry to the gauge field, and two
additional adjoint chiral multiplets Q and Q˜ which form an N = 2 hypermultiplet.
In addition to the usual gauge-invariant kinetic terms for these fields3, the theory has
additional interactions and a hypermultiplet mass term given by the superpotential
W =
2
√
2
g2YM
Tr([Q, Q˜]Φ) +
m
g2YM
(TrQ2 + Tr Q˜2) . (2.1)
1Unlike non-conformal gauge theories obtained from compactifications of the higher-dimensional
conformal gauge theories, KS cascading gauge theory is intrinsically four-dimensional [28].
2This proposal originated from discussions with David Mateos and Jorge Casalderrey-Solana.
3The classical Ka¨hler potential is normalized according to (2/g2
YM
)Tr[Φ¯Φ + Q¯Q+ ¯˜QQ˜].
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When m = 0, the gauge theory is superconformal with gYM characterizing an exactly
marginal deformation. The theory has a classical 3(N − 1) complex dimensional mod-
uli space, which is protected by supersymmetry against (non)-perturbative quantum
corrections.
When m 6= 0, the N = 4 supersymmetry is softly broken to N = 2. This mass
deformation lifts the {Q, Q˜} hypermultiplet moduli directions, leaving the (N − 1)
complex dimensional Coulomb branch of the N = 2 SU(N) Yang-Mills theory, param-
eterized by expectation values of the adjoint scalar
Φ = diag(a1, a2, · · · , aN) ,
∑
i
ai = 0 , (2.2)
in the Cartan subalgebra of the gauge group. For generic values of the moduli ai,
the gauge symmetry is broken to that of the Cartan subalgebra U(1)N−1, up to the
permutation of individual U(1) factors. Additionally, the superpotential (2.1) induces
the RG flow of the gauge coupling. While from the gauge theory perspective it is
straightforward to study this N = 2∗ theory at any point on the Coulomb branch [30],
the PW supergravity flow [23] corresponds to a particular Coulomb branch vacuum.
More specifically, matching the probe computation in gauge theory and the dual PW
supergravity flow, it was argued in [24] that the appropriate Coulomb branch vacuum
corresponds to a linear distribution of the vevs (2.2) as
ai ∈ [−a0, a0] , a20 =
m2g2YMN
pi
, (2.3)
with (continuous in the large N limit) linear number density
ρ(a) =
2
m2g2YM
√
a20 − a2 ,
∫ a0
−a0
daρ(a) = N . (2.4)
The special character of the Coulomb branch vacuum (2.4) was explained in [31], where
it was shown that this vacuum is a saddle point of the supersymmetric localization of
N = 2∗ gauge theory on S4 ( in the S4 decompactification limit ) in the planar limit,
i.e., N →∞ and g2YM → 0 with the ’t Hooft coupling Ng2YM = const≫ 1.
2.2 PW effective action
The gravitational dual to N = 2∗ supersymmetric gauge theory in the planar limit and
for large ’t Hooft coupling Ng2YM ≫ 1 was constructed in [23]. A consistent truncation
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from type IIb supergravity is encoded in five-dimensional effective action
S =
∫
M5
dξ5
√−g L5
=
1
16piG5
∫
M5
dξ5
√−g [R− 12(∂α)2 − 4(∂χ)2 − P] , (2.5)
where the potential4
P = 1
4
[
1
3
(
∂W
∂α
)2
+
(
∂W
∂χ
)2]
− 4
3
W 2 (2.6)
is a functional of supergravity scalars α and χ, and is determined by the superpotential
W = −e−2α − 1
2
e4α cosh(2χ) . (2.7)
In our conventions, the five-dimensional Newton’s constant is
G5 ≡ G10
25 volS5
=
4pi
N2
. (2.8)
Effective action (2.5) can be further consistently truncated to {χ = 0 , α 6= 0} or to
{α = χ = 0}. In the later case the vacuum solution is that of AdS5, holographically
dual to a vacuum of N = 4 SYM.
The gravitational scalars α and χ are dual to dimension-two O2 and dimension-three
O3 operators of N = 4 SYM,
α⇐⇒ O2 = 1
3
Tr
( |φ1|2 + |φ2|2 − 2 |φ3|2 ) ,
χ⇐⇒ O3 = −Tr
(
i ψ1ψ2 −
√
2gYM φ3[φ1, φ
†
1] +
√
2gYM φ3[φ
†
2, φ2] + h.c.
)
+
2
3
mf Tr
( |φ1|2 + |φ2|2 + |φ3|2 ) ,
(2.9)
where φ1,2 are the bosonic components of the N = 2 hypermultiplet chiral superfields
{Q, Q˜}, and φ3 is a bosonic component of the chiral superfield Φ; ψi are the fermionic
superpartners of φi. The fermionic mass term mf and the bosonic mass term m
2
b
(the nonnormalizable coefficients of χ and α near the AdS5 boundary correspondingly)
realize the N = 4 SYM theory deformation
δL = −2
∫
d4x
[
m2b O2 +mf O3
]
. (2.10)
4We set the five-dimensional gauged supergravity coupling to one. This corresponds to setting the
radius L of the five-dimensional sphere in the undeformed metric to 2.
7
For a generic choice m2f 6= m2b this deformation completely breaks the supersymmetry;
when m2f = m
2
b ≡ m2, δL is the mass deformation in the N = 2 supersymmetric
superpotential (2.1).
PW effective action (2.5) does not reproduce the free energy of N = 2∗ gauge the-
ory on S4 computed from the supersymmetric localization in the S4 decompactification
limit [32]. Rather, additional couplings to the background S4 metric are needed [33],
resulting in an enlarged gravitational dual [34] (BEFP). PW effective action is a con-
sistent truncation of the BEFP effective action. As outlined in the introduction, we
are interested in the dynamics of N = 2∗ gauge theory in dS4. Since the gauge theory
background space-time of interest is curved, the BEFP effective action encoding addi-
tional curvature couplings, allows for a more general analysis. For simplicity, in this
paper we limit the scope of study to PW truncation5.
3 Holographic evolution of N = 2∗ gauge theory states in dS4
We use the characteristic formulation of gravitational dynamics in asymptotically AdS
space-times summarized in [36] to describe evolution of spatially homogeneous and
isotropic states of N = 2∗ gauge theory in dS4. We follow closely the discussion in [29].
A generic state of the gauge theory, homogeneous and isotropic in the spatial bound-
ary coordinates x = {x, y, z}, leads to a dual gravitational metric ansatz
ds25 = 2dt (dr − Adt) + Σ2 dx2 , (3.1)
with the warp factors A,Σ as well as the bulk scalars α, χ depending only on {t, r}.
From PW effective action (2.5) we obtain the following equations of motion:
0 = d′+Σ+ 2Σ
′ d+ ln Σ +
Σ
6
P,
0 = A′′ − 6(lnΣ)′ d+ lnΣ + 4χ′d+χ+ 12α′d+α− P
6
,
d′+α +
3
2
((lnΣ)′d+α+ α
′d+ ln Σ)− 1
48
∂αP,
0 = d′+χ+
3
2
((lnΣ)′d+χ+ χ
′d+ ln Σ)− 1
16
∂χP,
(3.2)
5It would be interesting to explore the parameter space of the curvature couplings, and study the
stability of the PW truncation within BEFP for N = 2∗ gauge theory formulated in curved space-time,
extending stability analysis for thermal states of N = 2∗ plasma in Minkowski space-time [35].
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as well as the Hamiltonian constraint equation:
0 = Σ′′ +
(
4(α′)2 +
4
3
(χ′)2
)
Σ , (3.3)
and the momentum constraint equation:
0 = d2+Σ− 2AΣ′ − (4AΣ′ + A′Σ)d+ ln Σ
+
(
4(d+α)
2 +
4
3
(d+χ)
2
)
Σ− 1
3
ΣAP .
(3.4)
In (3.2)-(3.4) we denoted ′ = ∂
∂r
, ˙ = ∂
∂t
, and d+ =
∂
∂t
+ A ∂
∂r
. The near-boundary
r →∞ asymptotic behaviour6 of the metric function and the scalars encode the mass
parameters m2b and mf of the N = 2∗ gauge theory [37], and the boundary metric (1.5)
scale factor a(t):
Σ =
ar
2
+O(r−1) , A = r
2
8
− a˙r
a
+O(r0) ,
α = −8m
2
b ln r
3r2
+O(r−2) , χ = 2mf
r
+O(r−2) .
(3.5)
An initial state of the gauge theory is specified providing the scalar profiles α(0, r)
and χ(0, r) and solving the constraint (3.3), subject to the boundary conditions (3.5).
Equations (3.2) can then be used to evolve the state. Note that the gravitational bulk
metric (3.1) does not enjoy the SO(4, 1) boundary metric isometry.
The subleading terms in the boundary expansion of the metric functions and the
scalars encode the evolution of the energy density E(t), pressure P (t) and the expec-
tation values of the operators O2(t) and O3(t) of the prescribed gauge theory initial
state. Specifically, extending to asymptotic expansion (3.5) for {α, χ, A},
α = −8m
2
b ln r
3r2
+
α2,0(t)
r2
+O
(
ln r
r3
)
,
χ =
2mf
r
+
8a˙mf
ar2
+
1
r3
(
χ3,0(t)−
(
32
3
m3f + 16mf
a¨
a
+ 16mf
(a˙)2
a2
)
ln r
)
+O
(
ln r
r4
)
,
A =
r2
8
− a˙r
a
− 2
3
m2f +
1
r2
(
a2,0(t) +
(
32
9
m4f +
16
9
m2bα2,0(t)−
32
81
m4b +
32a¨
3a
m2f
)
ln r
− 64
27
m4b ln
2 r
)
+O
(
ln2 r
r3
)
,
(3.6)
6As explained in [36], the asymptotic expansion is determined up to a radial coordinate shifts
r → r+ λ(t), with an arbitrary function λ(t). We fixed this residual reparametrization specifying the
the O(r) term in the asymptotic expansion for the metric function A. We verified that the physical
observables are independent of the reparametrization choice.
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the observables of interest can be computed following the holographic renormalization
of the model, most recently reviewed in [38],
32pi2
N2
E(t) =− 3
8
a2,0 + 3
(a˙)4
a4
− 1
4
χ3,0mf − 1
8
α22,0 +
5
9
m2bα2,0 −
(
8
3
ln 2 +
40
81
)
m4b
+
(
8
3
ln 2 +
7
9
)
m4f +m
2
f
(
16a¨
3a
+
(a˙)2
a2
(8 ln 2 + 6)
)
+OambiguityE ,
(3.7)
32pi2
N2
P (t) =− 1
8
a2,0 − 4(a˙)
2a¨
a3
+
(a˙)4
a4
+
1
12
χ3,0mf − 1
24
α22,0 −
13
27
m2bα2,0
+
(
8
3
ln 2 +
68
243
)
m4b +
(
7
27
− 8
3
ln 2
)
m4f −m2f
((
16
3
ln 2 +
8
9
)
a¨
a
+
(
8
3
ln 2 + 2
)
(a˙)2
a2
)
+OambiguityP ,
(3.8)
32pi2
N2
O3(t) =− 1
4
χ3,0 +
(
16
3
ln 2− 2
3
)
m3f +mf
(
(8 ln 2 + 2)
a¨
a
+ (8 ln 2 + 4)
(a˙)2
a2
)
+Oambiguity3 ,
(3.9)
32pi2
N2
O2(t) =2α2,0 − 32
3
m2b ln 2 +Oambiguity2 , (3.10)
where Oambiguity denote renormalization-scheme dependent ambiguities of the expecta-
tion values, parameterized by δ1, · · · δ4, [38]:
OambiguityE =
1
4
m4fδ1 +
1
9
m4bδ4 +
(a˙)2
a2
(
δ2m
2
b +
3
2
δ3m
2
f
)
,
OambiguityP =−
1
4
m4fδ1 −
1
9
m4bδ4 −
(
2a¨
a
+
(a˙)2
a2
)(
1
3
δ2m
2
b +
1
2
δ3m
2
f
)
,
Oambiguity3 =
1
2
δ1m
3
f +
3
2
mfδ3
(
a¨
a
+
(a˙)2
a2
)
,
Oambiguity2 =
4
9
δ4m
2
b + 2δ2
(
a¨
a
+
(a˙)2
a2
)
.
(3.11)
Independent of the regularization scheme parameters δ1, · · · , δ4, these expectation val-
ues satisfy the expected conformal anomaly relation
− E + 3P = N
2
32pi2
(
RµνR
µν − 1
3
R2
)
− 2mfO3 −m2bO2 −
N2
24pi2
(
m4f −m4b +
m2f
2
R
)
,
(3.12)
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Furthermore, the conservation of the stress-energy tensor
dE
dt
+ 3
a˙
a
(E + P ) = 0 , (3.13)
is a consequence of the momentum constraint (3.4):
0 = a˙2,0 +
4a˙a2,0
a
+
2
3
α2,0α˙2,0 +
4a˙α22,0
3a
+
(
416
243
m4b −
224
27
m4f
)
a˙
a
−
(
160a˙a¨
3a2
+
128
...
a
9a
)
m2f −
(
16a˙α2,0
27a
+
40α2,0
27
)
m2b +
(
4a˙χ3,0
3a
+
2χ˙3,0
3
)
mf .
(3.14)
One of the advantages of the holographic formulation of a QFT dynamics is the
natural definition of its far-from-equilibrium entropy density. A gravitational geometry
(3.1) has an apparent horizon located at r = rAH , where [36]
d+Σ
∣∣∣∣
r=rAH
= 0 . (3.15)
Following [39, 40] we associate the non-equilibrium entropy density s of the boundary
QFT with the Bekenstein-Hawking entropy density of the apparent horizon
a3s =
Σ3
4G5
∣∣∣∣
r=rAH
=
N2Σ3
16pi
∣∣∣∣
r=rAH
, (3.16)
with a being the QFT background geometry scale factor (1.5). Using the holographic
background equations of motion (3.2)-(3.4) we find [29]
d(a3s)
dt
=
2N2
pi
(Σ3)′
(d+χ)
2 + 3(d+α)
2)
−4P
∣∣∣∣
r=rAH
. (3.17)
It was shown in [29] that (3.17) correctly reproduces the entropy growth in the hydro-
dynamic regime, due to the bulk viscosity of the gauge theory plasma. In Appendix A
we prove that the entropy production rate as defined by (3.17) is non-negative, i.e.,
d(a3s)
dt
≥ 0 (3.18)
in holographic dynamics governed by (3.2)-(3.4),
Dynamical evolution of homogeneous and isotropic states of N = 2∗ gauge theory
in dS4 within holographic framework proceeds as follows:
• First, we define parameters of the theory providing the mass parameters {mb, mf}
and the Hubble constant H .
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• An initial state is specified providing gravitational scalar profiles
α(t = 0, r) = αinitial(r) , χ(t = 0, r) = χinitial(r) , (3.19)
subject to the boundary conditions (3.5). The Hamiltonian constraint (3.3) and
the last two evolution equations in (3.2) subject to the boundary conditions (3.5)
along with
d+α =
2m2b ln r
3r
+O(r−1) , d+χ = −mf
4
+O(r−1) , (3.20)
are solved to determine Σinitial and {α, χ}initial,
Σinitial(r) ≡ Σ(t = 0, r) , {α, χ}initial(r) ≡ {α, χ}(t = 0, r) . (3.21)
Initial state specification is completed with solving for Ainitial(r) ≡ A(t = 0, r)
(the second equation in (3.2)) subject to the boundary condition (3.6) with
α2,0(t = 0) extracted from αinitial and specifying a free parameter a
initial
2,0 , a2,0(t =
0) = ainitial2,0 . The latter parameter determines the initial energy density of the
state, following (3.7).
• This initial state can be evolved following [36]. At any time t we can compute
the one point correlation functions (3.7)-(3.10) and the entropy density of the
state (3.16). It is also possible to compute additional non-local observables of
the evolution, for example as in [41].
Implementing the holographic evolution as explained above is technically challeng-
ing, and is beyond the scope of this paper. The difficulty7 is not intrinsic to a dS4
background metric for the boundary gauge theory — in fact, we prove in Appendix B
the precise map between the holographic evolution of the N = 2∗ states in de Sitter
and in Minkowski space-times:
dS4 R
3,1
background metric ds2 = −dt2 + e2Htdx2 dsˆ2 = −dτ 2 + dx2
evolution time t ∈ [0,∞) τ = (1− e−Ht)/H ∈ [0, 1
H
)
mass parameters {mb, mf} {mˆb(τ) = mb1−Hτ , mˆf (τ) =
mf
1−Hτ
}
7It is related to the presence of log-terms in the near-boundary expansion for the dual gravitational
scalars (3.6). We hope to solve this problem in the future.
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4 Vacuum of N = 2∗ gauge theory in dS4
In the previous section we outlined the setup for the holographic evolution of a generic
homogeneous and isotropic state of N = 2∗ gauge theory. While we have not imple-
mented the evolution, it is physically reasonable to expect that any initial, finite energy
density state of the theory in de Sitter background would evolve as t→∞ into a uni-
versal static state, which we label as vacuum. Indeed, one expects that energy density
E(t) is diluted according to (3.13), until it reaches the (constant) vacuum value Ev,
entirely determined by the Hubble constant H and the relevant microscopic couplings
of the theory {mb, mf}, i.e., Ev = Ev(H,mb, mf):
lim
t→∞
E(t) = − lim
t→∞
P (t) = Ev , lim
t→∞
E˙(t) = 0 . (4.1)
From (3.7) we then expect that the normalizable coefficients of the gravitational bulk
dynamics {a2,0, χ3,0, α2,0} approach constant values at late times:
lim
t→∞
{a2,0, χ3,0, α2,0}(t) = {a2,0, χ3,0, α2,0}v ,
lim
t→∞
{a˙2,0, χ˙3,0, α˙2,0}(t) = {0, 0, 0} .
(4.2)
Note that av2,0 is not independent from {χ3,0, α2,0}v; from (3.14):
av2,0 =
152
9
H2m2f −
104
243
m4b +
56
27
m4f +
4
27
αv2,0m
2
b −
1
3
χv3,0mf −
1
3
(αv2,0)
2 . (4.3)
Given (4.2), it is straightforward to see that to any order in the boundary expansion
{α, χ, A} become static at late times:
lim
t→∞
{α, χ, A}(t, r) = {α, χ, A}v(r) . (4.4)
Finally, (3.3) along with the boundary condition (3.5) implies that Σ
a
becomes static
at late times:
lim
t→∞
Σ(t, r)
a(t)
= σv(r) . (4.5)
Dropping the time dependence according to (4.4) and (4.5) we obtain from (3.2)-
(3.4) the following set of dual gravitational equations describing the vacuum of N = 2∗
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gauge theory in dS4:
0 = α′′v +
(
3H
2Av
+
(
lnAvσ
3
v
)′)
α′v −
1
48Av
∂αP ,
0 = χ′′v +
(
3H
2Av
+
(
lnAvσ
3
v
)′)
χ′v −
1
16Av
∂χP ,
0 = σ′′v +
4
3
σv
(
3(α′v)
2 + (χ′v)
2
)
,
0 = A′′v + 4A
′
v
(
3(α′v)
2 + (χ′v)
2
)− 6Av ((ln σv)′)2 − 6H(lnσv)′ − P
6
,
(4.6)
along with the constraints
0 = σ′v +
σv
2Av
(H − A′v) ,
0 = (α′v)
2 +
1
3
(χ′v)
2 − 1
2
((ln σv)
′)
2 − σ
′
v
4σvAv
(2H + A′v) +
H
8A2v
(H − A′v)−
P
24Av
.
(4.7)
It is straightforward to verify that constraints (4.7) are consistent with (4.6).
Vacuum solution has to satisfy the boundary condition (see (3.5))
σv =
r + λ
2
+O(r−1) , Av = (r + λ)
2
8
−H(r + λ) +O(r0) ,
αv = −8m
2
b ln r
3r2
+O(r−2) , χv = 2mf
r
+O(r−2) ,
(4.8)
where we reintroduced time-independent radial coordinate shift symmetry r → r + λ,
see [36]. It is important to realize that the boundary condition (4.8) is not sufficient
to identify a unique solution. Note that at late times the apparent horizon settles at a
fixed radial location rAH determined from
d+Σ(t, rAH) = 0 ⇐⇒ Hσv + Avσ′v
∣∣∣∣
r=rAH
= 0 . (4.9)
We need to construct a solution to (4.6)-(4.7) for r ∈ (rAH ,∞). As shown in Appendix
A, σ′v > 0 for r > rAH ; additionally, the absence of naked singularities in the gravita-
tional dual requires that σv > 0 for r > rAH — thus, (4.9) implies that Av(rAH) < 0.
Since Av → ∞ as r → ∞, there must be a radial location r = rs > rAH , such that
Av(rs) = 0. Inspection of the bulk equations of motion (4.6)-(4.7) shows that they are
generically singular when Av = 0. Avoiding this singularity provides complementary
conditions to uniquely identify the dS4 vacuum of N = 2∗ gauge theory.
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The rest of this section is organized as follows. We prove that the dS4 vacuum of
N = 2∗ gauge theory obtained as a late-time attractor of the evolution from a homo-
geneous and isotropic initial state is a Bunch-Davies vacuum. We explicitly compute
the vacuum energy of the theory Ev for {mf = 0, mb 6= 0} and in a supersymmetric
case mf = mb. Following (3.17), we show that non-conformal gauge theory vacuum is
not an adiabatic state — the rate of the comoving entropy production is non-zero:
lim
t→∞
1
H3a3
d
dt
(a3s) ≡ 3H ×R = const 6= 0 . (4.10)
To contrast dynamics of non-conformal gauge theories with conformal ones, we
review N = 4 SYM in dS4 in Appendix C.
4.1 dS4 vacuum is Euclidean
Bunch-Davies (Euclidean) vacuum of N = 2∗ gauge theory was constructed in [9]. We
review the main points of the construction and prove that the holographic vacuum
equations (4.6) and (4.7) are equivalent to those in [9].
To describe Bunch-Davies vacuum of N = 2∗ gauge theory at strong coupling one
studies the effective gravitational action (2.5) within the following background ansatz:
ds25 = −c21 (dM4)2 + c22 (dz)2 , ci = ci(z) , χ = χ(z) , α = α(z) , (4.11)
where (dM4)2 is the de Sitter boundary gauge theory metric. Irrespectively whether
this metric is written in flat or closed slicing (dMf/c4 )2,
(dMf4)2 = −dt2 + e2Htdx2 , (dMc4)2 = −dt2 +
1
H2
cosh2(Ht) (dS3)2 , (4.12)
the dual gravitational equations of motion take form
0 = α′′ +
(
ln
c41
c2
)′
α′ − c
2
2
24
∂αP ,
0 = χ′′ +
(
ln
c41
c2
)′
χ′ − c
2
2
8
∂χP ,
0 = c′′1 +
(c′1)
2
c1
− c
′
1c
′
2
c2
− c
2
2H
2
c1
+ 2c1
(
(α′)2 +
1
3
(χ′)2
)
+
1
6
c1c
2
2 P ,
0 = (α′)2 +
1
3
(χ′)2 − (c
′
1)
2
c21
+
c22H
2
c21
− 1
12
c22 P .
(4.13)
15
Notice that closed slicing de Sitter metric makes Euclidean analytic continuation ob-
vious:
(dMc4)2
∣∣∣∣
t→it≡tE≡
θ
H
→ 1
H2
(
dθ2 + cos2 θ (dS3)2
)
=
1
H2
(dS4)2 . (4.14)
It is straightforward to relate (4.13) and (4.6), (4.7): assuming that as z →∞ the
warp factor c1 →∞, the systems of equations become identical with
r = −
∫ ∞
z
ds c1(s)c2(s) , σv(r) = c1(z) exp
[
H
∫ ∞
z
ds
c2(s)
c1(s)
]
,
Av(r) =
c1(z)
2
2
, αv(r) = ln ρ(z) , χv(r) = χ(z) .
(4.15)
Of course, the map (4.15) is nothing but the map between the asymptotic t → ∞
infalling Eddington-Finkelstein metric (3.1) and the Fefferman-Graham metric (4.11).
The advantage to use the characteristic formulation in the dual gravitational descrip-
tion (3.1) is that it clarifies the selection of the Bunch-Davies vacuum for the strongly
coupled gauge theory. As we will see shortly, it also explains why the Bunch-Davies
vacuum is non-adiabatic.
4.2 Ev of N = 2∗ gauge theory in dS4
In this section we numerically solve the equations of motion (4.6), (4.7) and compute
Ev for two representative holographic RG flows: mf = mb and {mf = 0, mb 6= 0}.
Introducing a new radial coordinate
x =
H
r
, (4.16)
and redefining
Av ≡ H
2
8x2
a0(x) , σv ≡ H
2x
s0(x) , αv ≡ ln(r0(x)) , coshχv ≡ c0(x) , (4.17)
from (4.6) and (4.7) we find:
0 = r′′0 +
2r′0
x
− (r
′
0)
2
r0
− 5r
′
0Θ
3a0xr20
− 2
3
2c20r
12
0 (c
2
0 − 1)− r60(2c20 − 1) + 1
x2r30a0
, (4.18)
0 = c′′0 +
2c′0
x
− c0(c
′
0)
2
c20 − 1
− 5c
′
0Θ
3a0xr20
− (c20 − 1)
((2c20 − 1)r60 − 4)r20c0
a0x2
, (4.19)
0 = a′0 −
2a0
x
+
2Θ
3r20x
, (4.20)
16
0 =
s′0
s0
− 1
x
− 4
a0
+
Θ
3a0xr20
, (4.21)
where
Θ2 = 9(r′0)
2r20a
2
0x
2 +
3a20x
2r40(c
′
0)
2
c20 − 1
+ (3c20r
12
0 (1− c20) + 6r60(2c20 − 1) + 3)a0 + 144x2r40 .
(4.22)
Equations (4.18)-(4.21) have the following boundary asymptotics (we keep only the
couple relevant terms)
c0 = 1 + x
2c2,0 − x3c2,0a1,0 + x4
((
16
3
c22,0 + 32c2,0
)
ln x+ c4,0
)
+O(x5 ln x) ,
r0 = 1 + x
2 (r2,1 ln x+ r2,0) +O(x3 ln x) , a0 = 1 + a1,0x+O(x2) ,
s0 = 1 +
(
4 +
a1,0
2
)
x+O(x2) ,
(4.23)
where the non-normalizable coefficients {r2,1, c2,0} and the gauge parameter a1,0 are
related to {mb, mf} and λ in (4.8) as follows
r2,1 =
8m2b
3H2
, c2,0 =
2m2f
H2
, a1,0 =
8λ
H
. (4.24)
The normalizable coefficients {r2,0, c4,0} determine expectation values {Ov2,Ov3} and
the vacuum energy density Ev. Specifically,
32pi2
N2
Ev = 3H4 + r2,0
2
m2bH
2 − c4,0
16
H4 +
3(a1,0)
2
32
m2fH
2
+
(
4
3
(m4b −m4f )− 4m2fH2
)
ln
H
Λ
+ q1m
2
fH
2 + q2m
4
f + q3m
2
bH
2 + q4m
4
b ,
(4.25)
where Λ and qi are arbitrary renormalization scheme choice parameters, related to δi
in (3.11). The ambiguities of the vacuum energy density discussed here mirror the
well-known ambiguities defining the stress-energy tensor of weakly coupled QFTs in
curved space-times [5]. In section 5 we discuss the implication of these ambiguities in
the context of self-consistent inflationary scenarios (1.6).
As we already mentioned, the choice of the gauge parameter λ (correspondingly a1,0
in (4.23)) is completely arbitrary. We find it convenient to adjust a1,0 = a1,0(r2,1, c2,0)
in such a way that the zero of the warp function a0 occurs at exactly the same location
as it is for the N = 4 SYM duality where r2,1 = c2,0 = 0 (see (C.7)):
a0(x)
∣∣∣∣
x=xs=
1
9
= 0 , (4.26)
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implying that the range of x is
x ∈
(
0,
1
9
]
. (4.27)
The absence of singularities in (4.18)-(4.21) as y ≡ (1
9
− x)→ 0+ enforces the following
asymptotic behaviour
a0 = 8y +
(
27
r40,s,0
− 27r20,s,0c20,s,0(c20,s,0r60,s,0 − r60,s,0 − 4)− 54r20,s,0 − 72
)
y2 +O(y3) ,
s0 = s0,s,0 +O(y) , r0 = r0,s,0 +O(y) , c0 = c0,s,0 +O(y) ,
(4.28)
determined by 3 parameters {r0,s,0, c0,s,0, s0,s,0}. The total order of the system of the
differential equations (4.18)-(4.21) is 6; thus, along with the normalizable coefficients
{r2,0, c4,0} and the gauge parameter a1,0, we have the correct number of the adjustable
coefficients necessary to uniquely identify the gravitational solution for a given set of{
mb
H
,
mf
H
}
.
In the limit {r2,1, c2,0} ≪ 1 (4.18)-(4.21) can be solved analytically. To order
O(r22,1, c2,0), a0 and s0 are that of the N = 4 SYM, discussed in Appendix C, while
r0 =1− r2,1 x2
(
5x− 1
2
ln
√
(1− 9x)(1− x) + 5x− 1
5x− 1−√(1− 9x)(1− x) −
√
(1− 9x)(1− x)
)
× 1
(1− 9x)3/2(1− x)3/2 +O(r
2
2,1, c
2
2,0) ,
(4.29)
c0 =1 + c2,0 x
2
(
8x2 ln
√
(1− 9x)(1− x) + 5x− 1
5x− 1−√(1− 9x)(1− x) − (5x− 1)
√
(1− 9x)(1− x)
)2
× 1
(1− 9x)3(1− x)3 +O(r
2
2,1, c
2
2,0) .
(4.30)
For general values of {r2,1, c2,0} the system (4.18)-(4.21) is solved numerically, using
the shooting method introduced in [42].
Fig.1 presents characteristic profiles of the gravitational scalar {r0, c0} for select
(small) values of {mb, mf}. For comparison, we added perturbative predictions given
by (4.29) and (4.30).
Having obtained numerical solutions to (4.18)-(4.21), we extract the normalizable
coefficients {r2,0, c4,0}. We compute the vacuum energy density following (4.25). The
results are renormalization scheme dependent, and we set qi = 0. There is a remaining
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Figure 1: Profiles of the gravitational scalars {r0, c0} (solid curves) describing the
holographic dual to N = 2∗ gauge theory vacuum in dS4 for select values of {mb, mf}.
The dashed red lines represent the analytic solutions valid for {mb, mf} ≪ H , see
(4.29) and (4.30).
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Figure 2: Vacuum energy Ev (see (4.25)) of N = 2∗ gauge theory in dS4 with {mb 6=
0, mf = 0}. We choose renormalization parameters qi = 0, and set the renormalization
scale Λ = H (left panel) and Λ = mb (right panel).
ambiguity associated with the choice of the renormalization scale Λ. This ambiguity is
important, because of the interesting ln H
Λ
dependence in the expression for the vacuum
energy. We consider setting Λ = H and Λ = mb. In the former case the log-dependence
disappears, and one can take the limit mb
H
→ 0, reproducing the N = 4 SYM result
(C.8). Results for the vacuum energy Ev of N = 2∗ gauge theory in dS4 as a function
of
m2
b
H2
are collected in figs. 2-3. Modulo the scheme dependence, we find that Ev
Λ4
> 0 for
sufficiently small
m2
b
H2
; however, it becomes negative for large mass parameters {mb, mf}.
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Figure 3: Vacuum energy Ev (see (4.25)) of N = 2∗ gauge theory in dS4 with {mb =
mf}. We choose renormalization parameters qi = 0, and set the renormalization scale
Λ = H (left panel) and Λ = mb (right panel).
0.02 0.04 0.06 0.08 0.10 0.12 0.14
-2.×10-12
2.×10-12
4.×10-12
6.×10-12
8.×10-12
PSfrag replacements
(
x− 1
9
)
0 = σ′v + · · ·
0 = (α′v)
2 + · · ·
0.02 0.04 0.06 0.08 0.10 0.12 0.14
-2.5×10-12
-2.×10-12
-1.5×10-12
-1.×10-12
-5.×10-13
5.×10-13
1.×10-12
PSfrag replacements
(
x− 1
9
)
0 = σ′v + · · ·
0 = (α′v)
2 + · · ·
Figure 4: Constraint equations (4.6) are not integrated in constructing the gravitational
background dual to vacuum of N = 2∗ gauge theory in the vicinity of the apparent
horizon, i.e., for x > xs. Rather, their residuals are used as a numerical test. Here
mb = H and mf = 0.
4.3 dS4 vacuum of a non-conformal gauge theory is non-adiabatic
In Appendix C we argued that the comoving entropy of N = 4 SYM vacuum in dS4
is constant — the vacuum is an adiabatic state. Here, we compute the comoving
entropy production rate R (see (4.10)) of N = 2∗ gauge theory and show that it is
non-zero. Thus, we are led to claim that dS4 vacua of non-conformal gauge theories
are non-adiabatic.
As established in (4.9), the apparent horizon of the vacuum state of the N = 2∗
gauge theory in dS4 occurs past the point along the radial holographic direction where
av vanishes. In the radial coordinate (4.16) this means that xAH > xs. So we need to
extend solution of (4.18)-(4.21) past x = xs. The extension is simple for {r2,1, c2,0} ≪ 1.
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Figure 5: Same as in fig. 4, but with mb = mf = H .
Recall that to order O(r22,1, c2,0) the warp factors a0 and s0 are that of the N = 4 SYM
represented by (C.6) — there is nothing particular about x = xs =
1
9
point. Analytic
continuation of (4.29) and (4.30) for x > xs yields:
r0 =1− r2,1
(
x2
(
(5x− 1) arctan 5x− 1√
(9x− 1)(1− x) +
√
(9x− 1)(1− x)
)
+
1
2
pix2(5x− 1)
)
1
(9x− 1)3/2(1− x)3/2 +O(r
2
2,1, c
2
2,0) ,
(4.31)
c0 =1 + c2,0 x
2
(
16 arctan
5x− 1√
(9x− 1)(1− x)x
2 + (5x− 1)
√
(9x− 1)(1− x)
+ 8pix2
)2
1
(9x− 1)3(1− x)3 +O(r
2
2,1, c
2
2,0) .
(4.32)
For general values of {r2,1, c2,0} we need to resort to numerics. Instead of solving
(4.18)-(4.19), we solve equations (4.6) (rewritten in x coordinate), using as initial con-
dition the asymptotic behaviour (4.28). In this process we do not solve the constraint
equations (4.7), but rather monitor their residuals as a test on our analysis. These
residuals are shown in figs.4-5.
Fig. 6 represents profiles of the gravitational scalars {r0, c0} for x > xs, for the same
values of mass parameters as in fig. 1. Notice that the deviation of the numerical solu-
tions away from the perturbative results (4.31) and (4.32) becomes more pronounced
as one approaches the apparent horizon, indicated by vertical green lines, i.e., the
gravitational scalar fields backreaction is strong near the apparent horizon. In general,
the apparent horizon is determined by locating the first zero in d+Σ for x > xs, see
(4.9). We illustrate the procedure in the left panel of fig. 7 for N = 2∗ gauge theory
vacuum in dS4 at mb = mf = H . The right panel of fig. 7 presents the location of the
apparent horizon xAH in the gravitational dual to N = 2∗ dS4 vacuum at mb = mf .
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Figure 6: Profiles of the gravitational scalars {r0, c0} (solid curves) describing the
holographic dual to N = 2∗ gauge theory vacuum in dS4 for select values of {mb, mf}
for radial coordinate x > xs =
1
9
. The dashed red lines represent the analytic solutions
valid for {mb, mf} ≪ H , see (4.31) and (4.32). Vertical green lines indicate the location
of the apparent horizon in the dual gravitational background.
Once we identify the location of the apparent horizon in the gravitational dual, we
can compute the comoving entropy density production rate R of the theory in dS4
vacuum, as defined in (4.10), using (3.17) as t→∞,
3H ×R = 1
H3
2N2
pi
(σ3v)
′ (Avχ
′
v)
2 + (Avα
′
v)
2
−4P
∣∣∣∣
r=rAH
. (4.33)
Alternatively, we can use (3.16) to deduce
R = 1
H3
N2
16pi
(σv)
3
∣∣∣∣
r=rAH
. (4.34)
Both formulas should agree — in fact, we find that the relative difference between the
two results over the range of the mass parameters studied is . 10−10. This excellent
agreement is expected given the consistency checks on the numerics presented in figs. 4-
5. Results for the comoving entropy production rate R are presented in fig. 8.
5 Conclusion
While a full understanding of quantum gravity is lacking, inflationary models can be
improved with quantum treatment of the Standard Model gauge theories in classical
gravitational backgrounds. This approximation is justified when there is a large hi-
erarchy between the relevant QFT scales and the Planck scale. Thus, one needs to
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Figure 8: Comoving entropy production rate R (4.10) of N = 2∗ gauge theory in the
dS4 vacuum for select values of {mb, mf}.
understand a QFT stress-energy tensor in curved space-time, see (1.1). This subject
has a long history: although it is a textbook material [5], there are many unsolved
problems, even in the case of weakly-coupled theories.
In this paper we build up on the early observation [7] that when applicable, the
holographic gauge/gravity correspondence [3, 4] can be used to achieve this goal. The
Standard Model gauge theories do not have weakly coupled holographic gravitational
dual; however, explicit holographic models can be studied to deduce the features of
strongly coupled gauge theories in curved space-time. Here, we used the N = 2∗
holography to, hopefully, extract the general properties of quantum gauge theories in
dS4 space-time.
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We summarize now our main observations.
We argued that an initial state of the gauge theory in dS4 would evolve to a uni-
versal static state which is a Bunch-Davies (Euclidean) vacuum. It does not appear
possible to holographically evolve to a MA-vacuum [16, 17]. This supports the claims
in the literature [19–22] that interactions in QFTs invalidate the free-field construction
of MA-vacua.
We presented a holographic analog of theWeyl transformation between the Minkowski
and the FLRW space-times. A conformal theory, up to computable anomalies, is invari-
ant under this Weyl transformation; for a non-conformal theory one can map FLRW
dynamics to Minkowski dynamics, provided the coupling constants of the relevant
operators in the theory are appropriately “quenched” — prescribed a particular time-
dependence.
Holography provides a natural concept of entropy of a system far from equilib-
rium. Specifically, one identifies the entropy of the boundary gauge theory with the
Bekenstein-Hawking entropy of the apparent horizon in the gravitational dual [39,40].
Apparent horizon is observer dependent, however, in holographic setting describing dy-
namical evolution of spatially homogeneous and isotropy states of the boundary theory,
there is a “preferred slicing” of the dual geometry. When the dynamical evolution of
the gauge theory is hydrodynamic, the non-equilibrium entropy, defined in this manner,
correctly reproduces Landau entropy [43]. We proved the theorem that even far from
equilibrium, entropy associated with the apparent horizon of the gravitational holo-
graphic dual does not decrease with time. We also showed that the comoving entropy
production rate computed with respect to a conformal time is invariant under Weyl
transformations — there is no ’conformal anomaly’ for the entropy transformations.
Perhaps most surprisingly, we discovered that while the Bunch-Davies vacuum of a
CFT is adiabatic — there is no comoving entropy production, a non-conformal gauge
theory has a constant physical entropy density in its vacuum state; as a result the
comoving entropy density grows with the background geometry scale factor as a(t)3.
One of the motivations of the project was an explicit computation of the gauge the-
ory vacuum energy density Ev, to address the feasibility of self-consistent and reliable
accelerated expansion of the Universe, driven by the latter. Here, ’reliable’ means that
the solution of the Friedmann equation (1.6) produces the Hubble constant H ≪ Mpl.
Results for the vacuum energy density computation for N = 2∗ gauge theory at strong
coupling are presented in figs. 2-3. Much as it is in the case for the computation of
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the stress-energy tensor of weakly coupled QFTs in curved space-time, Ev is prone
to renormalization scheme ambiguities. The necessary condition for the accelerated
expansion, i.e., Ev > 0 can be claimed in a scheme-independent way only for small
values of the mass parameters {mb, mf} . H . However, in this case we are close to
a conformal fixed point (N = 4 SYM in this case), and Friedmann equation produces
H ∼ Mpl. To conclude, N = 2∗ gauge theory at strong coupling can not produce
accelerated expansion of the Universe with classical gravity.
Can the ’reliability’ aspect of the accelerated expansion of the Universe from the
N = 2∗ vacuum energy discussed be fixed? Let’s speculate that the vacuum energy of
a QFT is (motivated by (4.25))
Ev(H) = Q21H4+
(
Q2(m
4
b−m4f )−Q23m2fH2
)
ln
H
Λ
+q1m
2
fH
2+q2m
4
f +q3m
2
bH
2+q4m
4
b ,
(5.1)
where Qi are fixed constants, and Λ and qi encode scheme dependence. Basically, (5.1)
maintains the rough features of the supersymmetry of the N = 2∗ model (whether
mb = mf or mb 6= mf ), the ultraviolet conformal fixed point contribution ( Q21H4 term
), and the structure of the scheme dependence. What is different from the N = 2∗
model is the absence of contributions to the vacuum energy from the condensates of the
relevant operators (the r2,0 and c4,0 terms in (4.25)). Let’s analyze (5.1) in the context
of the Friedmann equation (1.6). We are looking for a solution to (1.6) with H ≪ Mpl.
The renormalization scale Λ is a QFT feature, so it is natural to have Λ≪Mpl. There
is no canonical way to define the energy density of a non-supersymmetric QFT — this
ambiguity is reflected in q2 and q4 coefficients; however, if the theory is supersymmetric
in Minkowski space-time, one expects that
lim
H→0
Ev(H)
∣∣∣∣
mb=mf=m
= 0 , (5.2)
provided the H → 0 limit is smooth. Note that this limit is indeed smooth with
mb = mf . Restricting to supersymmetric theories in Minkowski, we thus require
q2 + q4 = 0. Thus,
Esusyv (H) = Q21H4 +
(
−Q23m2H2
)
ln
H
Λ
+ (q1 + q3) m
2H2 . (5.3)
It is not possible to further fix the ambiguity associated with (q1 + q3) — even for a
Euclidean supersymmetric formulation of gauge theories on S4 such a term can not be
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fixed [34]. Interestingly, if H ≪ Λ, the renormalization scheme sensitivity can be made
arbitrarily weak. Moreover, if H ≪ m, the conformal fixed point contribution is also
irrelevant. The latter statement is precise if we choose the renormalization scale of the
theory Λ = m. Thus,
Esusyv (H) ≈ −Q23 m2H2 ln
H
Λ
, H ≪ m≪Mpl . (5.4)
Solving the Friedmann equation (1.6) with the vacuum energy density (5.3) we find
H = m exp
[
− 3M
2
pl
8piQ23m
2
]
, (5.5)
naturally enforcing the hierarchy of scales in (5.3). As we emphasized, unfortunately,
the N = 2∗ holographic model is not within the class of models with the energy density
given by (5.1) — in this theory in the limit m≫ H the contribution of the condensates
of the relevant operators become important. In fact, precisely for mb = mf case it can
be shown that for m
H
→∞ the effective coefficient Q3 in N = 2∗ model vanishes.
It is interesting to further develop the dynamics of gauge theories in de Sitter.
What replaces the ’hydrodynamics’ in the approach of a QFT to its Bunch-Davies
vacuum? What is the microscopic origin of the de Sitter entropy density of non-
conformal theories? Do holographic models in the class (5.1) exist? We hope to
address these questions in the future.
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A Apparent horizon area growth theorem
We prove here that the area density of the apparent horizon AAH , see (3.16),
AAH(t) ≡ Σ(t, r)3
∣∣∣∣
r=rAH
, (A.1)
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in a gravitational dual to a dynamical evolution of the boundary N = 2∗ gauge theory
state does not decrease with the boundary time t,
dAAH
dt
≥ 0 . (A.2)
This theorem implies that the comoving entropy density of the boundary gauge theory
state, identified with the the Bekenstein-Hawking entropy density of the apparent
horizon would satisfy the second law of thermodynamics.
Recall that (3.17)
dAAH
dt
= 8 (Σ3)′
(d+χ)
2 + 3(d+α)
2)
−P
∣∣∣∣
r=rAH
. (A.3)
Thus we need to establish two facts:
• Σ′(t, rAH + 0) ≥ 0;
• P
∣∣∣∣
r=rAH+0
≤ 0.
Integrating the constraint equation (3.3) and using the boundary condition (3.5)
we conclude
Σ′(t, r) =
a
2
+
∫ ∞
r
dρ
4
3
Σ(t, ρ)
((
∂χ(t, ρ)
∂ρ
)2
+ 3
(
∂α(t, ρ)
∂ρ
)2)
. (A.4)
Since Σ(t, r) > 0 during the evolution, Σ′(t, r) ≥ 0.
Apparent horizon is defined as the innermost (with respect to the boundary) radial
coordinate location r = rAH , where d+Σ(t, r) vanishes. Note from (3.5) that
d+Σ(t, r) =
ar2
16
+O(r0) > 0 , r →∞ . (A.5)
Thus, assuming analyticity of the background geometry,
d+Σ(t, r) > 0 , r > rAH =⇒ d′+Σ(t, r)
∣∣∣∣
r=rAH
≥ 0 . (A.6)
The first evolution equation in (3.2) evaluated at the apparent horizon reads
0 = d′+Σ +
Σ
6
P
∣∣∣∣
r=rAH+0
=⇒ Pr=rAH+0 ≤ 0 . (A.7)
27
B Mapping QFT dynamics in Minkowski and FLRW space-
times
We argue that holographic QFT dynamics of homogeneous and isotropic states in
Friedmann-Lemaitre-Robertson-Walker (FLRW) Universe
ds2 = −dt2 + a(t)2 dx2 , (B.1)
is equivalent to a quenched dynamics [38] of the same theories in Minkowski space-time
dsˆ2 = −dτ 2 + dx2 , τ =
∫ t
0
dν
a(ν)
, (B.2)
where any relevant8 coupling constant λ∆ of dimension ∆ < 4 operator O∆ being
replaced with the corresponding time-dependent coupling λˆ∆ according to
λ∆ → λˆ∆(τ) = a(t(τ))4−∆λ∆ . (B.3)
The proof is elementary — while we implicitly focus onN = 2∗ model of holography,
it is easily generalized to other holographic dualities, including those with gravitational
bulk gauge fields (corresponding to charged states of the boundary gauge theory). The
only requirement is that the QFT has an ultraviolet conformal fixed point. Indeed,
the gravitational metric dual to QFT dynamics of homogeneous and isotropic states
is given by (3.1), with the bulk scalars φ∆ = φ∆(t, r), dual to operators O∆. The
asymptotic boundary expansion encodes the background gauge theory metric and the
coupling constants λ∆ (compare with (3.5)):
Σ =
a(t)r
2
+O(r−1) , A = r
2
8
− a˙(t)r
a(t)
+O(r0) , φ∆ = λ∆
r4−∆
+O(r5−∆) , (B.4)
where we used the fact that QFT is a four-dimensional CFT in the ultraviolet. Holo-
graphic equations of motion — the analog of (3.2)-(3.4) — come from the diffeomor-
phism invariant effective action in five dimensions. Thus, they are covariant under
arbitrary change of bulk coordinates
{t, r} → {τ(t, r), ρ(t, r)} . (B.5)
Let’s choose
τ ≡
∫ t
0
dν
a(ν)
, ρ ≡ ra(t) , (B.6)
8It is possible to extend the result to marginal couplings as well.
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and introduce {Σˆ, Aˆ, φˆ∆} as
Σˆ(τ, ρ) ≡ Σ(t(τ), ρ/a(t(τ))) ,
Aˆ(τ, ρ) ≡ a(t(τ))2A(t(τ), ρ/a(t(τ))) + ρ
a(t(τ))
d
dτ
a(t(τ)) ,
φˆ∆(τ, ρ) ≡ φ∆(t(τ), ρ/a(t(τ))) .
(B.7)
We emphasize that (B.6) and (B.7) is nothing but the change of coordinates, accompa-
nied by field redefinitions. While mathematically trivial, it has profound implications
physically: transformation (B.7) reparameterizes the background metric (3.1) ds25 as
ds25 → dsˆ25 ≡ ds25 = 2dτ (dρ− Aˆdτ) + Σˆ2 dx2 , (B.8)
and produces a new set of the boundary conditions
Σˆ =
ρ
2
+O(ρ−1) , Aˆ = ρ
2
8
+O(ρ0) , φˆ∆ = λˆ∆(τ)
ρ4−∆
+O(ρ5−∆) , (B.9)
where λˆ∆(τ) is given by (B.3). (B.8) and (B.9) imply that the transformed holographic
dynamics is that of the boundary gauge theory in Minkowski space-time (B.2) with
quenched relevant couplings given by (B.3). Note that (B.7) applied at τ = t = 0 maps
the initial states of the theories for equivalent dynamics in FLRW and R3,1.
Interestingly, the map (B.7) leaves invariant the rate of the comoving entropy pro-
duction computed with respect to the conformal time dτ = dt
a(t)
. Indeed, since
d+ ≡ ∂t + A(t, r) ∂r = 1
a(t(τ))
(
∂τ + Aˆ(τ, ρ) ∂ρ
)
=
1
a(t(τ))
dˆ+ ,
∂r = a(t(τ)) ∂ρ ,
(B.10)
(3.18) implies that
d(a3s)
dt
=
1
a(t(τ))
dsˆ
dτ
. (B.11)
Notice that (B.11) establishes that equilibrium states of CFTs in Minkowski space-time
are adiabatic in de Sitter.
C N = 4 SYM in FLRW
We consider here a restrictive set of homogeneous and isotropic states of N = 4 SYM
in FLRW space-time — the “thermal” states [29, 44]. These states are represented
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by solutions of holographic equations (3.2)-(3.4) with gravitational scalars α and χ
identically set to zero.
The general solution of the holographic equations of motion within α = χ ≡ 0
ansatz takes form
A =
(r + λ(t))2
8
− (r + λ(t)) a˙(t)
a(t)
− λ˙(t)− µ
4
8a(t)4(r + λ(t))2
,
Σ =
(r + λ(t))a(t)
2
,
(C.1)
where λ(t) is an arbitrary function related to the residual diffeomorphism invariance
of the metric (3.1), and µ is a constant. Without loss of generality we assume that
λ < 0. From (3.15), the apparent horizon is then located at
rAH = −λ(t) + µ
a(t)
. (C.2)
The comoving entropy density of the gauge theory is (see (3.16))
a3s =
N2
16pi
µ3
8
. (C.3)
Note that in agreement with (3.17), the comoving entropy density does not change
with time; in particular, the entropy production rate R (4.10) in the vacuum state
vanishes.
The adiabaticity of the evolution (C.1) can be understood from the equivalence
theorem of Appendix B. Choosing the gauge λ(t) = 0 (as used in the derivation of the
theorem) and applying the map (B.7), we find
Σˆ =
ρ
2
, Aˆ =
ρ2
8
(
1− µ
4
ρ4
)
, (C.4)
which is the AdS5 Schwarzschild black brane metric, dual to the equilibrium ther-
mal state of the N = 4 SYM. There is no entropy production in the thermal state;
correspondingly, following the theorem of Appendix B, there is no comoving entropy
production in the state (C.1). It is for this reason we refer to the latter state as
”thermal”.
We would like to stress, as the N = 4 SYM example illustrates here, that even
though the equivalence theorem of Appendix B maps the dynamics of a QFT in FLRW
to the one in Minkowski space-time, the energy density of the theory in Minkowski
space-time is not the comoving energy density of the theory in FLRW:
Eˆ = 3
8
pi2N2
( µ
4pi
)4
, a(t)4 E(t) = Eˆ + 3N
2(a˙(t))4
32pi2
. (C.5)
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The difference between the two is due to the conformal anomaly in transformation from
Minkowski to FLRW space-time [44].
Thermal states ofN = 4 SYM in dS4 at late times approach Bunch-Davies vacuum.
Choosing the gauge λ(t) = −H and redefining a radial coordinate as r ≡ H
x
, x ∈
(0, xAH ] corresponding to r ∈ [rAH ,∞), at late times t→∞, we find
xAH → 1 ,
Σ
a
→ σv = H
2x
(1− x) ,
A → Av = H
2
8x2
(1− x)(1 − 9x) .
(C.6)
Notice9 that Av vanishes at
xs =
1
9
∈ (0, xAH ] , Av(xs) = 0 . (C.7)
The N = 4 SYM dS4 vacuum energy is independent of the initial energy density, and
is completely determined by the conformal anomaly:
32pi2
N2
Ev
H4
= 3 . (C.8)
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